Consider a smooth spacelike two-surface in a space-time M. Associated with this twosurfaces are two familes of null geodesics, the ingoing and the outgoing null congruence. Congruences of this form are called wave-fronts, and it is of some interest to analyse the behaviour of the evolution of these surfaces. In particular, we wish to know in what ways the surface can fail to be smoothly immersed, at least generically. For example, information gained from such an analysis is relevant to the consideration of images formed by gravitational lenses. Analyses of the singularities of evolving wave-fronts in GR have already been presented in the literature 1, 2] . This analysis di ers from earlier work on the problem in that it automatically considers variations through wave-fronts, and requires no non-canonical choices, thereby facilitating a geometrical understanding of the situation. It also establishes a framework in which the application of Arnol'd's classi cation of stable singularities of Legendre mappings can be applied without the need for a great deal of intervening analysis. We will begin by reviewing the di erentiable and contact structures of the space of null geodesics, N, for a strongly causal space-time, M, and in particular for the case when M is globally hyperbolic. We then go on to see how to use the contact geometry to characterize wave-fronts and the stable singularities arising in their evolution, making heavy use of the analysis Arnol'd carried out for wave-fronts in at space 3].
So let M be a strongly causal space-time, and let T 0 M be the cotangent bundle of M, minus the zero section. Take local coordinates (x a ; p a ) on T 0 M. Then T 0 M has two natural forms de ned on it, the canonical one-form given locally by p a dx a and the symplectic form ! = d = dp a^d x a . In addition to these two di erential forms, there are a couple of vector elds on T 0 M that we will need.
The rst of these is the Euler eld , given by = p a ; X G ] = X G , the two-surfaces elements de ned at each point by these two vector elds form an integral distribution. We could consider the space of null geodesics of M as the quotient manifold of leaves of this distribution.
It is sometimes more useful to consider taking the quotient by each vector eld in turn. We could take the quotient by the Euler eld, to obtain the space of unscaled null geodesics of M lifted to N 0 M; since the Lie derivative of X G along is just X G again, although X G does not project to a vector eld on this space, it still gives a one dimensional distribution on the resulting space. The integral curves of this distribution form a regular distribution 4] if M is strongly causal, and so the resulting space, N is a manifold. We could equally carry out these two identi cations in the other order, with the same result.
It is also worth noting that under a conformal transformation of the metric, N 0 M is unchanged, and the restriction of the geodesic spray, X G , to N 0 M is simply rescaled, so that all the geometry we are considering is conformally invariant.
As a notational convention, we will use lower-case Greek letters to represent points of N and the corresponding upper-case Greek letters to represent the corresponding subset of We can now see how the canonical form on T 0 M gives a contact structure on N.
To this end is convenient to list some relationships between the Euler and geodesic vector elds and the canonical and symplectic forms.
First, we restrict everything to N 0 M. This is the surface H = 0 in T 0 M, and on this surface we observe that X G y , X G y !, L X Q and L X G ! are all zero. It follows that if we simply take the quotient space of integral curves of the geodesic spray restricted to N 0 M, will project to the resulting space of scaled null geodesics.
But we also want to quotient out by the action of the Euler eld. cannot be projected to this quotient: however, it is homogeneous, and the distribution of planes that it de nes does project. thus de nes a 2-form on N only up to scale. Denote this object by ]. The distribution of planes de ned by the vanishing of ] gives a geometric structure on N which is well de ned, even though itself need not be globally de ned by this procedure. We now have to show that we do indeed have a contact structure.
So let S be a two-surface in N. Then S de nes , a two-parameter family of null geodesics in M, i.e. a three-surfaceS in M which is ruled by null geodesics. This surface will, in general, have self-intersections and singularities, but will not, in general, be a wave-front.
Lemma 2 The tangent plane to S lies in the kernel of ] at each point of S i the corresponding family of null rays in M forms a wave-front, i.e. it comprises the outgoing (or ingoing) null congruence to some space-like two surface .
Proof The tangent place to S lies in the kernel of ] at each point i vanishes on , which is well known to be equivalent to being orthogonal to any space-like slice 5]. 2 Lemma 3 The planes so de ned on N are precisely the contact planes of T 1 S. Proof The contact form on T 1 S is simply the restriction to T 1 S of the canonical form on TS. A Legendre manifold of T 1 S is therefore a manifold L such that for any point (q; v) 2 L, the projection map carries v to a vector orthogonal to the projection of L. But on identifying T 1 S with N, we see that these are precisely the wave-fronts, and so ] de nes a contact structure on N. Finally, we should note that although the analysis carried out above has been presented for the case where M is globally hyperbolic, this classi cation of stable singularities holds in rather greater generality. If, now, ? is some generator of a wave-front, we can consider the intersection of some neighbourhood of ? in the wave-front with S, a small portion of spacelike surface through which ? passes. We continue to require that M be strongly causal; rst, so that N will retain its structure as a contact manifold, and second, so that we can guarantee that by taking S su ciently small, no null geodesic in our neighbourhood of ? will intersect S more than once. Then by the same argument as before, wave-fronts are precisely the Legendre submanifolds of N. Furthermore, if we consider the projection of a neighbourhood of ? to S, then the classi cation of stable singularities will be exactly as before.
